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Abstract
We discuss the use of BRST symmetry and the resulting Ward
identities as consistency checks for orbifold gauge theories in an ar-
bitrary number of dimensions. We demonstrate that both the usual
orbifold symmetry breaking and the recently proposed Higgsless sym-
metry breaking are consistent with the nilpotency of the BRST trans-
formation. The corresponding Ward identities for 4-point functions of
the theory engender relations among the coupling constants that are
equivalent to the sum rules from tree level unitarity. We present the
complete set of these sum rules also for inelastic scattering and dis-
cuss applications to 6-dimensional models and to incomplete matter
multiplets on orbifold fixed points.
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1 Introduction
Field theories on a higher dimensional space-time offer new possibilities for
symmetry breaking by orbifold Boundary Conditions (BCs) (cf. e. g. [1, 2,
3, 4, 5]) that have been used to construct novel unified theories [6, 7, 8,
9, 10], avoiding common problems of 4-dimensional Grand Unified Theories
(GUTs). More general BCs have been used recently in models of Higgsless
Electro-Weak Symmetry Breaking (EWSB) [11, 12, 13].
Viewed as effective 4-dimensional theories, compactified higher dimen-
sional field theories are only consistent up to a cutoff usually associated with
the scale of a more fundamental theory, e. g. string theory. To make sense
of such theories independently of the yet unknown underlying fundamen-
tal theory, a minimal requirement is the passing of consistency checks like
tree level unitarity below the cutoff and Ward Identities (WIs). Tree level
unitarity is to be understood as the requirement that the tree level matrix
elements for N -particle scattering amplitudes at high energies scale at most
as E4−N . The more restrictive criterion of partial wave unitarity shows that
(4 +N)-dimensional gauge theories are valid as effective theories below the
scale of ∼ g−2/ND [14, 15], where gD is the dimensionfull D-dimensional gauge
coupling.
As long as a finite number of fields is involved, tree level unitarity of theo-
ries involving massive gauge bosons requires Spontaneous Symmetry Break-
ing (SSB) by the Higgs mechanism [16, 17]. This can be described by a scalar
field with coupling constants satisfying appropriate Higgs sum rules [18]. In
compactified higher dimensional theories, the Kaluza-Klein (KK) modes of
the gauge bosons acquire masses by a geometric Higgs mechanism where the
role of the GBs is played by higher dimensional components of the gauge
bosons. In 5-dimensional gauge theories, tree level unitarity results from
interlacing cancellations within the infinite gauge boson KK-tower [11, 14,
15, 19]. These cancellations rely on relations among the coupling constants
that will be called ‘KK-sum rules’ and are helpful in constructing effective
4-dimensional models for massive gauge bosons without Higgs bosons [11].
However, the derivation of these unitarity Sum Rules (SRs) for higher dimen-
sional gauge theories from the explicit calculation of the divergences of the
amplitudes is tedious and examples of SRs have so far only been verified in
specific models [4, 19] or have been used implicitly in the calculation of par-
tial wave unitarity bounds [14, 15]. A first step toward general SRs has been
taken in [11] where two simple KK-SRs for elastic gauge boson scattering
have been derived and used to check the consistency of Higgsless symme-
try breaking. In 6-dimensional gauge theories that have become popular for
SO(10) GUT models [9, 10] and for models of gauge-Higgs unification [20],
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the computation of unitarity conditions is further complicated by the appari-
tion of physical scalar components of the gauge fields. The unitarity of such
models from the KK point of view has not been discussed so far.
Another example for the importance of unitarity as a consistency check
is given by incomplete matter multiplets at the orbifold fixed points. These
are one of the key features of orbifold-GUTs that allow to implement a nat-
ural suppression of Proton decay and to avoid the doublet-triplet splitting
problem. It has been checked for the example of boundary Higgs bosons in
a SU(5) theory that this explicit symmetry breaking doesn’t cause unitarity
violations [4], but a more general discussion of the consistency of this setup
has not been given.
However, tree level unitarity by itself is not sufficient for the consistency of
the theory. In theories of vector bosons, invariance of the gauge fixed action
under a nilpotent BRST transformation is crucial for a consistent quanti-
zation with a unitary S-matrix [21]. Therefore the nilpotency of the BRST
transformation and checks of BRST invariance of the scattering amplitudes—
i. e. checks of the appropriate WIs—are important criteria for the consistency
of a theory besides the verification of tree level unitarity.
According to [16, 17], gauge invariance and tree level unitarity are equiva-
lent in Spontaneously Broken Gauge Theories (SBGTs) with renormalizable
couplings. To use the WIs as a tool for consistency checks, one should, how-
ever, determine a minimal set of amplitudes that has to be checked to ensure
the consistency of the theory on tree level. In this paper, we determine a set
of WIs that allows for simple, model independent and comprehensive gauge
checks [22].
This result allows us to give a much simpler derivation of the conditions
following from the unitarity SRs. The WIs are easier to implement both in
model building and in checking numerical amplitudes for phenomenological
calculations.
In section 2 we introduce the KK-decomposition of the gauge boson la-
grangian in an arbitrary number of dimensions and perform the gauge fixing.
We verify that both the usual orbifold BCs and the Dirichlet BCs employed
in Higgsless EWSB are consistent with the nilpotency of the BRST trans-
formation and allow to define physical states and derive WIs similar to a
4-dimensional SBGT. In section 3 we discuss the use of tree level unitarity
and WIs as consistency checks. We review the SRs derived from unitarity
and demonstrate that they can be equivalently obtained by imposing simple
WIs on the 4-point scattering matrix elements. In section 4 we apply the SRs
to unitarity cancellations in 6-dimensional gauge theories, demonstrating the
important role of the physical scalar components of the gauge bosons which
are a new feature compared to 5-dimensional gauge theories. In section 5 we
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apply our results to analyze the consistency of incomplete matter multiplets
on orbifold fixed points.
2 BRST-symmetry and Ward Identities in orbi-
fold gauge theories
To derive WIs for a KK-gauge theory that are similar to those of a 4-
dimensional SBGTs, one has to choose an appropriate gauge fixing and in-
troduce a nilpotent BRST transformation that leaves the gauge fixed KK-
lagrangian invariant. In KK-theories on orbifolds, care has to be taken to use
consistent BCs at the orbifold fixed points. In previous discussions [3, 11],
consistency with the equations of motion and unitarity has been used as a
criterion. Here we will introduce the nilpotency of the BRST transformation
as a practical criterion that is much easier to use than the calculation of
unitarity violating terms of scattering amplitudes in [11].
2.1 Kaluza Klein decomposition of a Zn2 orbifold gauge
theory
To establish our notation and to introduce an appropriate gauge fixing, we
perform the KK-decomposition of a Z2 orbifold gauge theory in 4 + N di-
mensions. Subsequently we will derive the WIs and determine BCs consistent
with the nilpotency of the BRST transformation.
For definiteness, we assume a factorisable constant metric of the (4+N)-
dimensional space-time of the form gAB = diag(ηµν ,−γij). The generaliza-
tion to a warped background metric by plugging appropriate warp factors
into the formulae below is straightforward. Our notation for the Yang-Mills
lagrangian in 4 +N dimensions is given in appendix A.
The KK-decomposition of the gauge fields is
AaA(x, y) =
(
Aaµ(x, y)
Φai (x, y)
)
=
∑
~n
(
fa~n(y)A
a
~n,µ(x)
ga~n(y)Φ
a
~n,i(x)
)
(1)
where the wavefunctions χ = f, g satisfy the differential equation
∂i∂
iχa~n(y) = −ma~n2χa~n (2)
They are chosen orthonormal and satisfying a completeness relation:∫
dNy χa~n(y)χ
a
~m(y) = δ~n,~m ,
∑
~n
χa~n(x)χ
a
~n(y) = δ(y − x) (3)
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(the group indices a are not summed over here). To determine the BCs im-
posed on the wavefunctions, let us recall some aspects of symmetry breaking
on orbifolds [2, 3, 4, 5]. An orbifold C/K is obtained from a compact mani-
fold C and a discrete group K by identifying points y ∈ C under the action
of K, i. e. y ≃ Pky, where the Pk form a representation of K on C. In an
orbifold the action of K has a set of fixed points {yf}
yf = Pkyf (4)
for some k ∈ K. (For more than one extra dimension, there can also be fixed
lines, fixed surfaces etc.). Fields defined on an orbifold need only be invariant
under K up to transformations Zk of a symmetry group of the lagrangian
that form a representation of K in field space:
Φ (Pky) = ZkΦ(y) (5)
For definiteness, we will discuss the most familiar example of an orbifold
symmetry: the group K = Z2 that is generated by one element P (y − yf) =
−(y−yf). In this case1 the transformations of the gauge fields take the form
Aaµ(x, Py) = η
aAaµ(x, y)
Φai (x, Py) = −ηaΦai (x, y)
(6)
where the ηa are the eigenvalues of the representation matrix Z. The trans-
formation law of the higher dimensional components is determined from the
requirement of a homogeneous transformation of the covariant derivative.
For ηa 6= 1, the 4-dimensional gauge fields must vanish at the fixed points yf ,
i. e. they must satisfy Dirichlet BCs. Therefore the gauge symmetry is broken
to a subgroup Hk at the boundary. The different parity of the scalar com-
ponents implies that they satisfy Neumann BCs. For ηa = 1 the symmetry
remains unbroken and the BCs of 4-dimensional vectors and scalars are ex-
changed. This can be summarized as (identifying the indices corresponding
to broken generators by a hat):
Aaˆµ(x, yf) = 0 ∂iΦ
aˆ
j (x, yf) = 0
∂iA
a
µ(x, yf) = 0 Φ
a
i (x, yf) = 0
(7)
1For more complicated orbifold symmetries like T 2/Z4 in 6 dimensions [20], the
orbifold transformation can mix higher dimensional components, since a homogeneous
transformation of the covariant derivative requires the transformation law Φai (x, Pky) =
ηakΦ
a
j (x, y)(P
−1
k )ji. Therefore the BCs of the Φi depend on the matrix Pk and the general
description of the KK-decomposition becomes more involved.
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Only gauge fields that remain unbroken at every fixed point have KK-zero-
modes with vanishing masses. If desired, zero-modes of the higher dimen-
sional scalar components of the broken gauge fields that survive the orbifold-
ing (6) can be projected out by introducing further orbifold symmetries.
The conditions (7) translate into the boundary conditions for the KK-
wavefunctions
f aˆ(yf) = 0 ∂ig
aˆ(yf) = 0
∂if
a(yf) = 0 g
a(yf) = 0
(8)
Because they satisfy the same BCs, the derivatives ∂if can be expanded in
the basis of the g and the ∂ig can be expanded in the basis of the f . One
can choose the g such that
∂if~n = mnig~n , ∂ig~n = −mnif~n (9)
with
∑
im
2
ni
= m2~n. This is consistent with the equation of motion (2) and
will diagonalize the gauge boson masses and coupling between the Aµ and
the Φi. For the familiar torus compactification on orbifolds, the property (9)
is obviously satisfied and a similar relation has been imposed for the warped
case in [23].
The effective 4-dimensional lagrangian can now be derived using the KK-
decomposition (1) and exploiting the relations (9). To avoid notational clut-
ter, we introduce multi-indices α ≡ (a, ~n) and αi ≡ (a, 0, . . . , 0, ni, 0, . . . , 0)
and use a summation convention also for the sum over the KK-states. Using
the relations (9), we find the cubic interaction terms
L
KK
cubic = −gαβγ∂µAανAβ,µAγ,ν −
1
2
T αβγ A
α,µΦβ,i
←→
∂µΦ
γ
i
+
1
2
giαβγΦAAΦ
α,iAβµA
µ,γ − 1
2
T αβγ(mαjΦ
α
i −mαiΦαj )Φβ,iΦγ,j . (10)
The remaining terms in the KK-lagrangian are given in (82) in the appendix.
The coupling constants are products of group theory factors and integrals
over products of KK-wavefunctions, e. g.:
gαβγ = fabc
∫
dNy fα(y)fβ(y)f γ(y) (11a)
T αβγ = f
abc
∫
dNy fα(y)gβ(y)gγ(y) . (11b)
The explicit form of the other couplings is given in (83). Note that the
interactions among the scalars originate from the Fij components and appear
only in more than one extra dimension.
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The KK-decomposition yields a bilinear mixing −mαi∂µΦα,iAα,µ of 4-di-
mensional gauge bosons and scalars. Therefore at each KK-level the linear
combination
φα ≡ −mαi
mα
Φα,i (12)
plays the role of a geometric Goldstone boson that is eaten by the KK gauge
bosons, leaving N − 1 physical scalars. The sign in (12) is chosen because of
compatibility with our conventions for the WIs in 4-dimensional theories.
Accordingly, we decompose the scalars into the GBs (12) and ‘geometric
Higgs’ bosons:
Φαi = H
α
i −
mαi
mα
φα (13)
where H i is defined as orthogonal to the GBs, i. e. mαiH
α,i = 0. The mass
term for the scalar obtained from the KK-decomposition of the F 2ij term of
the lagrangian has the form
m2αΦ
α,i2 − (mαiΦα,i)2 = m2αHα,i2 (14)
and the GBs are massless, as they must be. To eliminate the mixing of gauge
bosons and GBs, we choose a gauge fixing function
Ga = −1
ξ
(∂µA
a,µ(x, y)− ξ∂iΦa,i(x, y)) (15)
that extends the one introduced in [24, 14] to more than one extra dimension.
In terms of KK-modes, the gauge fixing lagrangian takes the form
LGF = −
∫
dNy
1
2ξ
Ga2 = − 1
2ξ
(∂µA
α,µ − ξmαφα)2 (16)
2.2 BRST-Symmetry and consistent boundary condi-
tions
The possible symmetry breaking patterns resulting from orbifold BCs (6)
are highly constrained [3]. For example, neither EWSB nor the breaking of
SO(10) to the SM is possible in 5 dimensions by abelian orbifold conditions
alone. These constraints arise from the relation
fabc = ηakη
b
kη
c
kf
abc (17)
following from the requirement that the field strength transforms according
to F aµν → ηakF aµν . Because of (17), only structure constants with an even
number of broken indices can be nonvanishing.
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In order to liberate model builders from these constraints, mixed BCs of
the form
∂iA
a
µ(yf) = V
ab
yf
Abµ(yf) (18)
have been proposed in [3]. They can be introduced consistently by coupling
the gauge fields to a Higgs boson at the boundary [3, 11]. However, imposing
such BCs without including the Higgs boson engenders unitarity violations.
Taking the vacuum expectation value of the boundary Higgs to infinity, the
mixed BCs turn into Dirichlet BCs
Abµ(yf) = 0 (19)
that maintain the unitarity of gauge boson scattering, while avoiding the con-
straints from orbifold symmetry breaking. This possibility has been utilized
for Higgsless EWSB by BCs alone [11, 12, 13].
To investigate the mixed and Dirichlet BCs further, we will use the nilpo-
tency of the BRST quantization as a consistency check. To derive the BRST
transformations of the KK-modes we use that consistency of the (4 + N)-
dimensional BRST transformation of the gauge boson
δBRSTA
a
M(x, y) = ∂Mc
a(x, y) + fabcAbM(x, y)c
c(x, y) (20)
demands that ghosts must satisfy the same BCs as the 4-dimensional compo-
nents of the gauge bosons and therefore have a KK-decomposition in terms
of the fα. From the BRST transformation of the antighost together with the
equation of motion of the auxiliary field, it can be inferred that the same
wavefunctions appear also in the KK decomposition of the antighosts. The
complete set of BRST transformations in (4+N)-dimensions is given in (80).
The BRST transformations of the KK-modes are then given by
δBRSTA
α
µ(x) = ∂µc
α(x) + gαβγAβµ(x)c
γ(x) (21a)
δBRSTΦ
α
i (x) = mαic
α(x) + T γαβΦ
β
i (x)c
γ(x) (21b)
δBRSTc
α(x) = −1
2
gαβγcβ(x)cγ(x) (21c)
δBRSTc¯
α(x) = Bα(x) (21d)
δBRSTB
α(x) = 0 (21e)
and the gauge fixing (15) implies the equations of motion of the KK-modes
of the auxiliary field B:
Bα = −1
ξ
Gα = −1
ξ
(∂µA
α,µ − ξmαφα) (22)
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The appearance of the inhomogeneous term in the BRST transformations (21b)
of the higher dimensional components of the gauge fields supports the inter-
pretation of (12) as GBs. The remaining transformation laws agree with
those of a gauge theory with (an infinite number of) ‘structure constants’
gαβγ and ‘generators’ T γαβ.
The BRST transformations are nilpotent iff the relations
T γαβT
δ
βǫ − T δαβT γβǫ = gβδγT βαǫ (23a)
mβiT
γ
αβ −mγiT βαγ = mαigαβγ (23b)
gαβǫgγδǫ + gγαǫgβδǫ + gαδǫgβγǫ = 0 (23c)
hold. Inserting the definitions (11a) and (11b) and using the relations (9)
we find that the condition (23b) (a similar relation occurs in a 4-dimensional
SBGT, cf. (37a)) is equivalent to
0 = fabc
∫
dNy ∂i(g
αfβf γ) = fabc[gαfβf γ]yf (24)
For three unbroken indices, the boundary term vanishes, because gα is zero on
the boundary. For one broken index, the structure constants vanish, because
the unbroken generators must close into an algebra. For two or three broken
indices, there is at least one broken wavefunction f αˆ. Thus (23b) is satisfied
as long as the broken wavefunctions vanish on the boundary. This shows that
general Dirichlet BCs (19) are consistent, in contrast to the mixed BCs (18).
This confirms the results obtained from unitarity in [11].
The ‘Lie Algebra’ (23a) and the ‘Jacobi Identity’ (23c) are satisfied auto-
matically by the Jacobi identity of the structure constants fabc. This can be
seen using the completeness relations of the KK-wavefunctions (cf. also [11]).
Inserting the definitions of the coupling constants (11) and suppressing the
group indices for the moment, every term of (23a) and (23c) involves an
expression of the form
∑
~n
∫
dNy χ~n(y)χ~m(y)χ~l(y)
∫
dNy′ χ~n(y
′)χ~k(y
′)χ~p(y
′)
=
∫
dNy χ~m(y)χ~l(y)χ~k(y)χ~p(y) (25)
Here we have used the completeness relations (3) to get rid of the sum over
the KK-modes. As an example, the RHS of (23a) can be put in the form
gβδγT βαǫ = f
bdcf bae
∫
dNy f δ(y)f γ(y)gα(y)gǫ(y) (26)
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Performing similar manipulations for the remaining terms, the same integral
over the KK-wavefunctions appears everywhere and (23a) is reduced to the
Jacobi Identity for the fabc. The identity (23c) can be treated accordingly.
Having ensured the nilpotency of the BRST-charge, we can perform the
gauge fixing as usual by adding the BRST transform of a functional of ghost
number −1:
LGF + LFP = δBRST
[
c¯α(G
α +
ξ
2
Bα)
]
(27)
with the gauge fixing functional Gα as defined in (15). Having a BRST
invariant gauge fixed lagrangian and a nilpotent BRST charge, the physical
states can be defined as usual by the Kugo-Ojima condition
Q |ψphys〉 = 0 (28)
Using the equation of motion for the auxiliary field Ba (22), we obtain the
WI
0 = 〈φphys|{Q, c¯α}|ψphys〉 = −1
ξ
〈φphys|(∂µAα,µ − ξmαφα)|ψphys〉 (29)
To turn this into an identity for scattering matrix elements, one needs to
amputate the external gauge boson and GB propagator. With our choice of
gauge fixing, the usual Rξ gauge tree level relation of the propagators [25]
kµD
µν
A = −ξDφkν (30)
is satisfied2 and the amputation results in the WI for scattering matrix ele-
ments
−ipaµMµ(Aα(pa) . . . )−mαM(φα(pa) . . . ) ≡M(Da(pa) . . . ) = 0 (31)
that is similar to the WI in a 4D SBGT. This will allow us in section 3 to
use the SRs obtained from the WIs in 4-dimensional theories also for KK-
theories.
3 Unitarity Sum Rules and Ward Identities
The WIs (31) implied by BRST symmetry provide a powerful tool for con-
sistency checks in gauge theories. An advantage over tree unitarity as con-
sistency criterion is the simpler applicability due to the fact that the WIs
2In higher orders, loop corrections to (30) have to be considered similar to the 4-
dimensional case [26].
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hold at every point in phase space, independent of the external momenta.
In contrast, tree level unitarity requires to take the high energy limit of the
momenta. Therefore WIs are also more powerful as consistency checks in
numerical calculations [22].
As we demonstrate in this section, the SRs of the coupling constants
implied by tree level unitarity, along with additional relations for GB cou-
plings, can also be obtained from a suitable set of WIs for 4-point functions.
Our discussion is valid for general field theories with the field content of a
SBGT and dimension four couplings, including orbifold gauge theories. We
establish our result by computing the WIs using a general parametrisation
of a lagrangian for such a theory without assuming the symmetry relations
resulting from a spontaneously broken gauge symmetry. A comparison with
the unitarity SRs [16, 17, 18] then shows that both approaches yield the
same results. The applicability of the SRs to KK-gauge theories is discussed
in subsection 3.3.
The key formula derived below and used in the discussion of unitarity
in 6-dimensional gauge theories in section 4 is the SR (39). The discussion
of incomplete matter multiplets on the boundary in section 5 makes use of
the Lie algebra structure of the matter gauge couplings (35a). Apart from
serving as consistency checks, the SRs discussed in this section provide also
tools in model building. In the context of non minimal Higgs models, this has
been discussed already in [18] while for models of EWSB without a Higgs,
a simple SR obtained from elastic scattering has been used in [11]. As a
possible future application of the SRs, it would be interesting to use the SRs
to explore 4-dimensional UV completions of the Higgsless models of [11, 12],
for instance by truncating the KK tower and introducing heavy scalars with
approaprite couplings determined by the SRs to cancel unitarity violations
in the scattering of the higher KK-levels.
3.1 A minimal set of Ward Identities
To use the WIs (31) of SBGTs as a tool for consistency checks, one should
determine a minimal set of amplitudes that has to be checked to ensure the
consistency of the theory. Since the Feynman rules of SBGTs are determined
by tree level unitarity of 4 particle scattering amplitudes [17] (apart from
the scalar self interaction that make it necessary to consider some 5-point
amplitudes), it is reasonable to expect that a similar set of amplitudes is
sufficient for the consistency checks using the WIs. However, this connection
has never be made precise in the literature.
In an unbroken gauge theory, it is not difficult to see that the Yang-Mills
structure of the lagrangian can indeed be ‘reconstructed’ by imposing the WI
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on the 4-point amplitudes. It is a well known textbook example, that the
WI of the two quark-two gluon amplitude implies the Lie algebra relations
of the quark-gluon couplings. Similarly one can show that the WI of the
4-gluon amplitude determines the quartic gluon coupling and implies the
Jacobi Identity for the triple gluon coupling. As discussed in subsection 3.2,
the same relations are also obtained in SBGTs.
However, in SBGTs in Rξ gauge, the determination of the complete set
of Feynman rules from WIs with one contraction is more involved, since am-
plitudes with external GBs have to be considered. Because of the unphysical
nature of the GBs, such WIs include ghost terms in addition to (31) and
further consistency checks would be required to determine the ghost Feyn-
man rules. As we will show below, such complications can be avoided by
considering the generalized WIs
M(D . . .DΦ . . .Φ) = 0 (32)
with up to 4 contractions that allow to reconstruct the Feynman rules of
SBGTs (apart from quartic Higgs selfcouplings) from the limited set of WIs
for the 4-point functions without external GBs. This allows for simple, model
independent and comprehensive gauge checks that avoid the introduction of
ghosts already on tree level.
Since the lagrangian of a KK-gauge theory has the same form as that
of a SBGT and the same WIs (31) hold, we can then infere that the same
SRs are also valid for a KK-theory. However, the need to truncate potentially
divergenent sums over KK-modes might spoil the unitarity cancellations, this
is discussed in subsection 3.3.
3.2 Unitarity sum rules from Ward Identities
To present the results of the computation of the WIs, we have to introduce a
parametrization of the general renormalizable Lagrangian with the particle
spectrum of a SBGT but without imposing gauge invariance. We denote
gauge bosons by W a, Goldstone bosons by φa and all other scalar fields by
Hi. We will not introduce a separate notation for massless gauge bosons
and take it as understood that the GBs are only associated to massive gauge
bosons. The couplings that will be most relevant below are defined as
Lint = −fabcWb,µWc,ν∂µW νa +
1
2
gAabφWWφAWa,µW
µ
b −
1
2
T aAB(φA
←→
∂µφB)W
µ
a
+ ψ¯i /W a
[
τaLij(
1−γ5
2
) + τaRij(
1+γ5
2
)
]
ψj + ψ¯iφA
[
XAij (
1−γ5
2
) +XAij
†
(1+γ
5
2
)
]
ψj
(33)
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Here we have collected GBs and physical scalars in a vector φA = (φa, Hi).
The components of the coupling matrices of the scalars will be denoted as
Tc =
(
tc −gcHφW
(gcHφW )
T T c
)
, X =
(
gaφ
gkH
)
(34)
The complete lagrangian in this notation is given in appendix B. The trans-
lation to the notation used in the specific example of the KK-theory in (10)
should be clear.
We use the lagrangian (33) without further assumptions in the evaluation
of the STIs. In order to describe a SBGT, however, the couplings appearing
in (33) must satisfy certain invariance conditions. Apart from the familiar
Jacobi Identity of the fabc and the Lie algebra of the fermion gauge couplings
[τaL/R, τ
b
L/R]ij = if
abcτ cL/Rij (35a)
also the gauge couplings of the scalars must satisfy a Lie algebra and the
Yukawa couplings must be invariant under global transformations generated
by the τ and T :
[Ta,Tb] = fabcTc (35b)
−iτaRX+ iXτaL = TaX (35c)
There are also constraints on the quartic couplings, for instance the quartic
couplings of the scalars to gauge boson in a SBGT have the form
gABcdφ2W 2 = −{Tc,Td}AB (36)
Furthermore, the condition that some of the scalars Hi aquire a vacuum
expectation value that is responsible for gauge boson and fermion masses
allows to express the couplings gφWW in terms of the T and the masses and
furthermore to eliminate all the GB couplings as independent parameters
(cf. appendix C). With these identifications, the relations (35) and the com-
ponent gH2W 2 of (36) are precisely the unitarity SRs derived in [16, 17, 18].
We now demonstrate how the unitarity SRs (35) and (36) can be obtained
also from WIs of four point functions. Since this requires the somewhat
tedious task to expand the SRs in component form and compare to the
results of the WIs, we have collected the explicit expressions in appendix D.
Details on the calculation of the WIs can be found in [22].
In a first step, we evaluate the WIs for the 3-point matrix elements and
find they determine the form of the cubic couplings involving GBs, repro-
ducing the expressions in appendix C. As examples, the results of these WIs
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determine the GB components of the matrices (34)
tbac = −
1
2mWamWc
fabc(m2Wb −m2Wa −m2Wc) (37a)
mWag
iab
HφW = −
1
2
giabHWW (37b)
mWag
a
φij = i(mjτ
a
Rij −miτaLij) (37c)
While the same definitions appear in the unitarity approach as auxiliary
quantities [16], the physical content of (37) remains, however, rather obscure
in this approach because they are not identified with GB couplings. The
remaining relations obtained from the 3 point WIs are given in appendix D.1
and include conditions that are a consequence of the gauge invariance of the
scalar potential and haven’t been derived from unitarity in [16].
We now turn to the evaluation of WIs for 4-point scattering amplitudes
with one contraction. The results can be found in appendix D.2 and in-
clude consistency relations among the coupling constants of the physical
particles like the Lie algebra structure of the fermion couplings (35a), the
Higgs component of the Lie algebra (35b), the invariance condition of the
Higgs-Yukawa coupling contained in (35c) or the expression for the WWHH
coupling in (36). As an example, the WI for the 4 gauge boson amplitude im-
plies the Jacobi Identity of the fabc and determines the quartic gauge boson
coupling:
⇒
{
fabef cde + f caef bde + fadef bce = 0
gabcdW 4 = f
abef cde − fadef bce (38)
In the diagrammatical representation of the WIs, the insertion of the operator
(∂µW
µ −mWφ) is represented by a double line.
As a general rule, the results obtained from the WIs with one contraction
correspond to the SRs ensuring the cancellation of the leading divergencies
in the unitarity approach [16, 17, 18]. The relations (38), for instance arise
from the cancellation of the terms growing like E4 in gauge boson scattering.
Turning to the results of the WIs with more than one contraction, it turns
out that they include the remaining components of the Lie algebra (35b)
and the Yukawa transformation law (35c). These are the SRs ensuring the
cancellation of the subleading divergences in the unitarity approach so indeed
all the SRs ensuring tree level unitarity can be obtained in a simpler way from
the WIs. As an example, let us give the relation that ensures the cancellation
of the subleading divergencies ∝ E2 in gauge boson scattering [16, 17, 18] that
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we will verify in a 6-dimensional KK-theory in section 4. In our approach, it
arises from the WI for the 4-gauge boson amplitude with three contractions
and is given by
⇒
{
1
m2We
[
fabef ced(m2Wa −m2Wb −m2We)(m2Wc −m2We −m2Wd)
]
−giabHWWgicdHWW
}
− a↔ c = 2facef ebd(m2We −m2Wb −m2Wd)
(39)
We take it as understood that the internal summations involving inverse
gauge boson masses extend only over massive gauge bosons. The resulting
equation for elastic scattering has been used in [11] to check the consistency
of EWSB by Dirichlet boundary conditions in 5 dimensions. Using the re-
sult (37a) for the GB-gauge boson coupling, one can check that (39) is the
ab component of the Lie-algebra of the scalar couplings (35b).
Apart from these relations ensuring unitarity of gauge boson scattering,
the results of the remaining WIs of 4-point functions given in appendix D
include further conditions determining the GB couplings that have not been
obtained from unitarity in [16, 17, 18]. At one hand, these are the conditions
T aABg
Bbc
φWW −mWagAabcφ2W 2 = facdgAbdφWW + fabdgAcdφWW (40)
that fix the quartic GB-gauge boson couplings. This relations follow from
the graded Jacobi Identity
0 = [A, {B,C}] + {[C,A], B} − {[A,B]C} (41)
and the form of the 2-gauge boson 2-scalar interaction (36).
The remaining WIs of 4 point functions imply the condition for the gauge
invariance of the scalar potential:
mWαg
ABCa
φ4 + g
DBC
φ3 T
a
DA + g
ADC
φ3 T
a
DB + g
ABD
φ3 T
a
DC = 0 (42)
This relation determines the quartic couplings of the GBs in terms of already
known quantities. Apart from the quartic Higgs selfcouplings gijklφ4 that are
not included in (42), the WIs of four point functions therfore determine the
relations among the coupling constants of a SBGT and fix the GB couplings
in terms of the couplings of the physical particles.
3.3 Sum rules in KK-theories
The KK-decomposition of a higher dimensional gauge theory results in an
effective 4-dimensional lagrangian of the same general form (84), albeit with
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an infinite number of fields. As discussed in subsection 2.2, the gauge fix-
ing function (15) and a consistent set of BCs ensures the validity of WIs
similar to those of a 4-dimensional SBGT and the same SRs also hold in
KK-theories. However, in calculations of scattering amplitudes, sums over
KK-modes appear that can be infinite if KK-momentum conservation breaks
down. For more than one extra dimension, the sums over the propagators
diverge and a cutoff has to be introduced. Therefore the connection of the
SRs to unitarity requires further clarification for KK-theories.
Let us first note that independently of the convergence properties of the
amplitudes, no divergencies appear in the unitarity SRs, even though they
involve—like the conditions (23) considered in subsection 2.2—potentially
infinite sums over products of ‘generators’ and coupling constants from (11).
However, just as in (26) we can use the completeness relations (3) and the
sum over the KK-modes drops out of all SRs and no problems with diver-
gences arise. To infer that the SRs obtained from the 4-point WIs also imply
tree level unitarity for the scattering amplitudes of a KK-gauge theory, we
have to use, however, that the sum over the KK-modes converges, since a
regularization procedure can lead to a violation of the SRs. For a sharp cutoff
of the sum, the SRs cannot be satisfied for the highest KK-level [11]. The
introduction of a smooth regulator in the KK-sum corresponds to a modifica-
tion of the KK-propagators. Because the gauge (and unitarity) cancellations
rely on WIs connecting contracted vertices and inverse propagators, they can
be spoiled by such a modification.
We expect however, that this poses no serious problem in realistic appli-
cations: As in 4-dimensional SBGTs, the unitarity SRs doesn’t imply partial
wave unitarity. Instead of the usual 4-dimensional bound on the Higgs mass
∼ 1 TeV [27], in the 5-dimensional SM there is an upper bound of the number
of KK-modes NKK ∼ 10 [14] compatible with unitarity. Since this bound
is rather small compared the scale where problems from diverging KK-sums
arise, partial wave unitarity is expected to give a more stringent criterion for
the breakdown of unitarity than the disturbance of unitarity cancellations
by a cutoff.
In general, since problems with unitarity are associated with longitudi-
nally polarized massive gauge bosons, a conflict of unitarity and regulariza-
tion can arise only in models where the couplings of gauge bosons violate
KK-selection rules in such a way that an infinite number of modes con-
tributes to scattering processes with external gauge bosons. Furthermore
there must be more than one extra dimension allowing the KK-sums to di-
verge. The models considered in sections 4 and 5 are not affected by such
problems. However, these issues deserve further studies, especially because
one expects that possible violations of gauge invariance by a cutoff will play
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a more important role in loop calculations.
4 Unitarity Sum Rules in 6 dimensions
As an application of the unitarity SRs, we will discuss gauge boson scatter-
ing in a 6-dimensional gauge theory. The new ingredients compared to the
5-dimensional theories discussed in [11, 14, 15, 19] are the physical scalar
component of the bulk gauge bosons (cf. (13)) and the apparition of more
than one KK-state at the same level. As we will demonstrate, these two
phenomena are connected and the physical scalars play an important role in
the unitarity cancellations if the initial and final state KK-momenta are not
parallel.
While the SRs considered in this work only ensure the correct scaling
behavior implied by unitarity, we expect our results also to be useful as a first
step in a partial wave analysis along the lines of [14, 15]. Other interesting
possible extensions of our work include a compactification with different radii
and nontrivial shape parameters [28], the introduction of additional orbifold
fixed points for the application to GUT models [9, 10] and more complicated
orbifold symmetries like Z4 [20].
4.1 Kaluza-Klein decomposition and Feynman rules
For simplicity, we consider a 6-dimensional gauge theory compactified on a
torus with identical radii without symmetry breaking by orbifold BCs. Before
orbifolding, the KK-decomposition of an arbitrary field Φ is given by
Φ(x, y) =
1
2πR
∑
~n
Φ~n(x)e
i
R
(~n·~y) (43)
where ~n = (n1, n2). The KK-modes satisfy Φ
∗
~n = Φ−~n for hermitian fields.
According to (12), the unphysical GB and the orthogonal physical com-
ponent are [9]
φa~n = −
1
Rm~n
(
n1Φ
a,1
~n + n2Φ
a,2
~n
)
(44a)
Ha~n =
1
Rm~n
(−n2Φa,1~n + n1Φa,2~n ) (44b)
We will limit our discussion to a simple orbifolding [29] T 2/Z2 with
Z2 : (y, z) → (−y,−z) where all gauge symmetries remain unbroken. This
imposes the conditions Φ+n1,n2 = Φ
+
−n1,−n2 on the KK-modes with positive Z2
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parity, while the negative parity modes must satisfy Φ−n1,n2 = −Φ−−n1,−n2. The
range of the coordinates in the orbifold can be taken as [29] −πR ≤ y1 ≤ πR
and 0 ≤ y2 ≤ πR.
The decompositions of the vector and scalar fields become:
Aa,µ(x, y) =
1√
2πR
Aa,µ0 (x) +
1
πR
∞∑
~n
cos
(niyi
R
)
Aa,µ~n (x) (45)
Φa,i(x, y) =
1
πR2
∑
~n
1
m~n
sin
(
−niyi
R
)
Φa,i~n (x) (46)
Φa,i~n (x) =
[
−
(
n1
n2
)
φa~n(x) +
(−n2
n1
)
Ha~n(x)
]
(47)
with the summation range3
n1 ≥ 1 and |n2| ≥ 1 or ni = 0 and nj ≥ 1 (48)
The sign conventions in (47) have been chosen in accordance with (9) and (12).
Symmetry breaking can be introduced by imposing further Z2 symmetries
with fixed points y, z = 1
2
πR [9].
The interactions of the KK-modes involve KK-number conservation fac-
tors of the form (following the notation of [24])
δ~k,~l,~m = δ~k+~l+~m,0 + δ~k+~l−~m,0 + δ~k−~l+~m,0 + δ~k−~l−~m,0
δ˜~k,~l,~m = −δ~k+~l+~m,0 + δ~k+~l−~m,0 − δ~k−~l+~m,0 + δ~k−~l−~m,0
(49)
The triple gauge boson interactions and the scalar coupling have the same
form as in the 5-dimensional case [24]:
gαβγ = fabc
(
1√
2
)(1+δ~n,0+δ~m,0+δ~k,0)
δ~n,~m,~k (50)
giαβγΦAA = gf
abc
[
1√
2
δ~k,0+1
δ˜~n,~m,~k
mi
R
− 1√
2
δ~m,0+1
δ˜~n,~k,~m
ki
R
]
(51)
where we have introduced the 4-dimensional coupling g = g6/(
√
2πR).
Inserting the decomposition of Φ in terms of Higgs and GBs, we find for
the interaction of the Higgses
3This differs slightly from the conventions in [29] where the condition n1 + n2 ≥
1 or n1 = −n2 ≥ 1 is used. Both conventions lead to the same degeneracies at each
KK-level, e. g. our level (2,±1), (1,±2) corresponds to (2,±1), (±1, 2) in the conventions
of [29]. For general considerations our convention seems to be more practical because we
don’t have to distinguish |n1| < |m1| from |n1| > |n2|.
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gαβγHAA = gf
abc
[
1√
2
δ~k,0+1
δ˜~n,~m,~k
−m1n2 +m2n1
m~nR2
− 1√
2
δ~m,0+1
δ˜~n,~k,~m
−k1n2 + k2n1
m~nR2
]
(52)
4.2 Sum rules for elastic scattering
We are now ready to investigate the SRs for gauge boson scattering. We begin
with the simplest case of scattering at the same KK-level where the initial
and final KK-states ~n are the same. Because of the KK-number conservation
the contributing diagrams are
0
2~n
~n ~n
~n ~n
0
2~n
~n ~n
~n ~n
0
2~n
~n ~n
~n ~n
n n
n n
(53)
From the explicit form of the Higgs couplings (52) we see that the Higgs cou-
plings vanish for the scattering at the same KK-level. The SR (39) obtained
equivalently from the M(DDDW ) WI or the cancellation of the subleading
divergences in quartic gauge boson scattering then reduces to the relation
discussed already in [11]
3m2~mg
ace
~n,~n,~mg
ebd
~m,~n,~n = 4m
2
~ng
ace
~n,~n,~mg
bde
~n,~n,~m (54)
where we have used the Jacobi Identity. Inserting the coupling constants (50)
(note that δ~n,~m,0 = 2δ~n,~m)
gabc~n,~n,0 = gf
abc , gabc~n,~m,~n+~m =
g√
2
fabc (55)
we find that this is indeed satisfied in the same way as in the 5-dimensional
case discussed in [19].
A new phenomenon in theories with more than one extra dimension is
scattering at the same KK-level, but with different KK-numbers at the initial
and final state, e. g. KK-exchange
~n =
(
n1
n2
)
→ ~m =
(
n2
n1
)
(56)
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Here, because the second component of the KK-quantum numbers can take
negative values, the exchange of vector bosons with the quantum numbers
~k+ =
(
n1 + n2
n1 + n2
)
~k− =
( |n1 − n2|
−|n1 − n2|
)
m~k± =
√
2
|n1 ± n2|
R
(57)
is possible in the t-and u-channel:
0
~n ~m
~n ~m
~k+
~k−
~n ~m
~n ~m
~k+
~k−
~n ~m
~n ~m
~n ~m
~n ~m
(58a)
Compared to the simpler case discussed above, the Higgs couplings (52) to
gauge bosons with different KK-quantum numbers are nonvanishing, so in
the t- and u-channel also the exchange of two physical scalars contributes:
~k+
~k−
~n ~m
~n ~m
~k+
~k−
~n ~m
~n ~m
(58b)
The explicit form of the Higgs couplings are given by
gabc
HAA,~k+,~n,~m
= −gfabc (n1 − n2)
R
gabc
HAA,~k−,~n,~m
= −gfabc (n1 + n2)
R
(59)
In contrast to the scattering processes involving the same initial and final KK-
states, there is no contribution from the zero mode in the t- and u-channel.
Since the cancellation of the unitarity violating terms in (54) relies on the
different couplings of the zero mode and the KK-modes, this mechanism
cannot be sufficient any more and the physical scalars are expected to play
an important role.
To take the contributions from the additional physical scalars into ac-
count, the SR (54) has to be modified. From (39) we get (exchanging a↔ d
and using that all initial and final state masses are the same):
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∑
~k=~k±
−
(
m2~kg
bde
~n,~m,~k
gace
~n,~m,~k
+ gebd
HWW,~n,~m,~k
geac
HWW,~n,~m,~k
)
+
(
m2~kg
bce
~n,~m,~k
gade
~n,~m,~k
+ gebc
HWW,~n,~m,~k
gead
HWW,~n,~m,~k
)
= −4m2~ngabe~n,~n,0gcde~m,~m,0 (60)
Inserting the coupling constants of the Higgs bosons (59) and of the gauge
bosons (55) this turns into
− 2 g
2
R2
[
(n1 + n2)
2 + (n1 − n2)2
] (
f bdeface − f bcefade)
= −4 g
2
R2
(n21 + n
2
2)f
abef cde (61)
This relation is guaranteed by the Jacobi Identity. Therefore the unitarity
cancellations in scattering among different KK-states at the same mass-level
take place because of an interplay of the KK-gauge bosons and the ‘geometric
Higgs bosons’ with the peculiar form of the coupling (52).
4.3 Sum rules for inelastic scattering
We now turn to inelastic scattering at different KK-levels ~n to ~m. Unlike the
elastic case, no general SR for inelastic scattering has been derived in [11]
for a 5-dimensional gauge theory.
The contributing diagrams are the same as in (58) with the KK-momenta
now given by
~n =
(
n1
n2
)
, ~m =
(
m1
m2
)
, ~k+ =
(
n1 +m1
n2 +m2
)
, ~k− = ±
(
(n1 −m1)
(n2 −m2)
)
(62)
where the sign in ~k− has to be chosen so that ±(n1 −m1) ≥ 0.
From (39) we find the SR
∑
~k=~k±
−
(
(m2~k +m
2
~n −m2~m)2
m2~k
gbde
~n,~m,~k
gace
~n,~m,~k
+ gebd
HWW,~n,~m,~k
geac
HWW,~n,~m,~k
)
+
(
(m2~k +m
2
~n −m2~m)2
m2~k
gbce
~n,~m,~k
gade
~n,~m,~k
+ gebc
HWW,~n,~m,~k
gead
HWW,~n,~m,~k
)
= −4m2~ngabe~n,~n,0gcde~m,~m,0 (63)
The combinations of the masses appearing in the SR can be simplified using
the relation
m2~k± +m
2
~n −m2~m =
2
R2
~n · (~n± ~m) (64)
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The Higgs coupling (52) takes the form
gabc
HAA,~k±~n,~m
=
√
2gfabc
[
n2m1 − n1m2
R2m~k±
]
(65)
Let us first discuss the simpler case n2 = m2 = 0. The Higgs couplings vanish
and the situation is similar to scattering in 5 dimensions. The SR turns into
− 2 g
2
R2
[
(n2 + nm)2
(m+ n)2
+
(n2 − nm)2
(m− n)2
] (
f bdeface − f bcefade)
= −4 g
2
R2
n2fabef cde (66)
Again this is guaranteed by the Jacobi Identity.
The required cancellation for the general KK-momenta (62) is less obvi-
ous and requires to take the physical scalars into account. Using the expres-
sion (65) for the Higgs coupling, one can verify the relation
(m2~k±
+m2~n −m2~m)2
m2~k±
gbde
~n,~m,~k
gace
~n,~m,~k
+ gebd
HWW,~n,~m,~k±
geac
HWW,~n,~m,~k±
= f bdeface
2g2
R2
~n2 (67)
Inserting this result into the SR (63), the cancellation goes through as above.
Our discussion of gauge boson scattering shows that the physical scalar
components play an important role in the cancellation, iff the initial and final
state KK-momenta are not ‘parallel’, a situation that is a new phenomenon
for gauge theories with more than one extra dimension.
5 Consistency of incomplete multiplets on the
boundaries
An important ingredient of orbifold GUT models is the explicit symmetry
breaking by matter on the orbifold fixed points, transforming under the un-
broken subgroup alone. A consistency check of such a setup is provided by
unitarity in the production of gauge bosons corresponding to broken gen-
erators. This has been investigated in [4] for boundary Higgs bosons in 5-
dimensional SU(5) GUTs. In this example, the required cancellations occur
between the KK-zero-mode and the first KK-level and rely on an appar-
ent ‘conspiracy’ among the coupling constants. Here we provide a general
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analysis for boundary fermions (other boundary fields can be treated sim-
ilarly) that shows that such cancellations are ensured by the completeness
relations of the KK-wavefunctions and the vanishing wavefunctions of the
broken gauge bosons on the fixed points.
5.1 Matter on the boundaries
The symmetry at the orbifold fixed points can be viewed as a restricted gauge
symmetry [7], since the gauge parameters associated to the broken generators
vanish on the boundary. The BRST-transformations on the boundary at yf
are therefore
δBRSTA
a
µ(x, yf) = ∂µc
a(x, yf) + f
abcAbµ(x, yf)c
c(x, yf) (68a)
δBRSTΦ
aˆ
i (x, yf) = ∂ic
aˆ(x, yf) + f
aˆbˆcΦbˆi(x)c
c(x, yf) (68b)
On the boundary, the gauge bosons only transform under the unbroken
subgroup, while the higher dimensional components of the gauge bosons
transform homogeneously under the unbroken subgroup and receive a ‘shift’
∂ic
aˆ under the broken transformations. This symmetry prohibits brane-mass
terms for the Φi in 5 dimensions and constrains the possible forms in 6 di-
mensions [30]. For symmetry breaking with mixed BCs, the structure of
the transformations on the boundary is more complicated because the bro-
ken gauge (and ghost) fields are also nonvanishing at the boundary and the
separation of broken and unbroken gauge transformations is lost.
On the boundaries we can add (possibly chiral) matter transforming under
the unbroken subgroup with generators τL/R satisfying the Lie algebra (35a).
The lagrangian for fermions on the boundary is
Lf =iψ¯i/∂ψ + ψ¯i /Aa(yf)(τ
a
Lij(
1−γ5
2
) + τaRij(
1+γ5
2
)ψj
=iψ¯i/∂ψ + ψ¯i /Aα(T αLij(1−γ
5
2
) + T αRij(1+γ
5
2
)ψj
(69)
with
T αL/R = τaL/Rfα(yf) (70)
It is not possible to add Yukawa-Interactions of brane fermions to the scalar
components of the bulk gauge bosons, since this violates the shift-symmetry
∝ ∂icaˆ from (68). To use a component of the higher dimensional gauge fields
as Higgs boson, one either has to put the fermions in the bulk or introduce a
non-local coupling [20] that can be generated from mixing with bulk fermions.
The lagrangian of the KK-modes is invariant under the BRST transfor-
mations (21) and
δBRSTψL/R i = ic
α(x)T αL/R ijψL/R j (71)
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iff the relation
[T αL/R, T βL/R] = gαβγT γL/R (72)
is satisfied, which also ensures the nilpotency of the BRST transformation.
We will discuss this equation below, where the same relation appears as
condition for unitarity. It should be noted that on the right hand side also
the coupling constants gαˆβˆγ with broken indices can appear, in contrast to
the BRST transformations restricted to the brane (68). In the KK-picture
the broken indices appear because the KK-modes are not localized in the
extra dimension and the reduced symmetry is not apparent.
5.2 Unitarity in gauge boson production
We turn to the SRs for scattering of brane fermions into gauge bosons. For
the scattering into unbroken gauge bosons, the KK-excitations can couple to
the brane fermions and to an intermediate unbroken gauge boson, so that
the contributing diagrams are
γ
α
β
α
β
α
β
(73)
The SR obtained from the cancellation of the leading divergences (or equiva-
lently the WI with a single contraction) is just the Lie algebra (72). Inserting
the definitions (11a) and (70), we find that this relation is satisfied because
of the completeness of the KK-wavefunctions and the Lie algebra (35a). Ex-
plicitly, the RHS becomes
gαβγT γL/R = fabcτ cL/R
∑
γ
f γ(yf)
∫
dNy fα(y)fβ(y)f γ(y)
= fabcτ cL/Rf
α(yf)f
β(yf)
(74)
Thus the same KK-wavefunctions appear as on the left hand side and (72)
is reduced to the simple Lie algebra of the τaL/R.
Only the s-channel diagrams contribute to the production of broken gauge
bosons, since the boundary fermions completely decouple from the broken
gauge bosons:
γ
αˆ
βˆ
(75)
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Therefore the SR (72) reduces to
gαˆβˆγT γL/R = 0 . (76)
Exploiting the completeness relation of the KK-wavefunctions once more, we
see that this relation is indeed satisfied because the broken wavefunctions
vanish on the boundary:
gαˆβˆγT γL/R = f aˆbˆcτ cL/R
∑
γ
f γ(yf)
∫
dNy f αˆ(y)f βˆ(y)f γ(y)
= f aˆbˆcτ cL/Rf
αˆ(yf)f
βˆ(yf) = 0
(77)
For massive chiral fermions, subleading divergences appear whose cancel-
lation requires the SR (104). Masses of the chiral brane-fermions are not
included in our present setting and have to be generated by a further break-
ing of the unbroken subgroup, e. g. by a Higgs boson localized on the brane.
The investigation of such constructions is beyond the scope of the present
work.
6 Summary and outlook
We have performed the KK-decomposition of a general gauge theory on
an C/Zn2 orbifold and determined consistent boundary conditions that al-
low BRST quantization and to derive WIs. This yields a new demonstra-
tion of the consistency of orbifold symmetry breaking and of the Dirichlet
boundary conditions currently employed for models of EWSB without Higgs
bosons [11, 12]. On the other hand, mixed boundary conditions turn out to
be inconsistent without the introduction of a Higgs multiplet on the bound-
ary. In the presence of such a brane Higgs multiplet, the GBs are a mixture
of the unphysical components of the boundary Higgs with the higher dimen-
sional components of the gauge bosons [24]. Dirichlet BCs arise from the
limit of an infinite vacuum expectation value of a boundary Higgs. As an ex-
tension of our work, the consistency of such a setup could be further clarified
by quantizing such theories including the boundary Higgs, taking the limit
v →∞ at the end.
Recently, a Higgsless mechanism has also been proposed for the generation
of fermion masses by BCs [13]. The application of the approach presented
here to this construction is given elsewhere [31].
In section 3 we have shown that on tree level the structure of the la-
grangian of a SBGT is fixed by imposing a finite set of WIs for 4-point func-
tions without external goldstone bosons. The conditions derived from the
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WIs include the unitarity-SRs derived from tree level unitarity in [16, 17, 18].
The same SRs are also valid in compactified higher dimensional gauge theo-
ries broken by orbifold BCs, provided the sum over the KK-tower converges.
The introduction of a cutoff or regularization of the KK-sums can upset gauge
invariance and requires further considerations.
In section 4 the SRs have been applied to a 6-dimensional gauge theory.
We have shown that the physical scalar components of the gauge bosons play
an important role in ensuring the unitarity cancellations in gauge boson scat-
tering where the final state KK-momenta are not parallel to that of the initial
state gauge bosons. The clarification of this mechanism should prove useful
in extending the discussion of partial wave unitarity in KK-theories [14, 15]
to 6-dimensional models. In section 5 we have demonstrated the consistency
of placing reduced multiplets at the orbifold fixed points.
After this work was completed, a discussion of unitarity in the Higgs-
less models of [12] appeared [32], where it is pointed out that partial wave
unitarity might be violated at a scale of
√
s ∼ 2TeV despite the fulfillment
of the unitarity sum rules if the mass of the first KK-excitation is too large.
This poses a problem for the warped version of the model while in a flat
space model no such problems have been found. While the present work
was concerned with gauge theories on separable background metrics, our
approach will also be useful for studying unitarity of gauge boson scattering
in a warped background and for answering open questions.
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A Kaluza-Klein lagrangian and couplings
The (4 +N)-dimensional Yang Mills lagrangian is
L4+N = −1
4
F aAB(x, y)F
a,AB(x, y) (78)
with the field strength
F aAB(x, y) = ∂AA
a
B(x, y)− ∂BAaA(x, y) + fabcAbA(x, y)AcB(x, y) (79)
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Here we include the higher dimensional gauge coupling gD in the structure
constants. The BRST transformations are
δBRSTA
a
A(x, y) = ∂Ac
a(x, y) + fabcAbA(x, y)c
c(x, y)
δBRSTc
a(x, y) = −1
2
fabccb(x, y)cc(x, y)
δBRSTc¯
a(x, y) = Ba(x, y)
δBRSTB
a(x, y) = 0
(80)
where the equation of motion of the auxiliary field Ba is
Ba = −1
ξ
Ga = −1
ξ
(∂µA
a,µ(x, y)− ξ∂iΦa,i(x, y)) (81)
The complete lagrangian of the KK-modes is
LKK = −1
4
(∂µA
α
ν − ∂νAαµ)(∂µAα,ν − ∂νAα,µ) +
1
2
m2αA
α
µA
α,µ
−mαi∂µΦα,iAα,µ − gαβγ∂µAανAβ,µAγ,ν −
1
4
gαβγδAαµA
β
νA
γ,µAδ,ν
+
1
2
∂µΦ
α
i ∂
µΦα,i − 1
2
[
m2αΦ
α
i Φ
α,i − (mαiΦα,i)2
]
− 1
2
T αβγ A
α,µΦβi
←→
∂µΦ
γ,i +
1
2
giαβγΦAAΦ
α,iAβµA
µ,γ +
1
4
gαβγδA2Φ2A
α
µA
β
νΦ
γ,iΦδi
− 1
2
T αβγ(mαjΦ
α
i −mαiΦαj )Φβ,iΦγ,j −
1
4
gαβγδΦ4 Φ
α
i Φ
β
jΦ
γ,iΦδ,j
(82)
with the coupling constants defined in (11) and
gαβγδ = fabef cde
∫
dNy fα(y)fβ(y)f γ(y)f δ(y) (83a)
giαβγΦAA = mβiT
γ
βα +mγiT
β
γα (83b)
gαβγδA2Φ2 = 2f
abef cde
∫
dNy fα(y)fβ(y)gγ(y)gδ(y) (83c)
gαβγδΦ4 = f
abef cde
∫
dNy gα(y)gβ(y)gγ(y)gδ(y) (83d)
B Parameterization of the general lagrangian
We give our parameterization of the general lagrangian with the particle
spectrum of a SBGT used in the calculation of the WIs. Apart from terms
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∝ ǫµνρσWµWνWρWσ, the most general renormalizable interaction lagrangian
for these fields is
Lint =− fabcWb,µWc,ν∂µW νa −
1
4
gabcdW 4 Wa,µWb,νW
µ
c W
ν
d −
1
2
tcab(φa
←→
∂µφb)W
µ
c
+
gabcφWW
2
φaW
µ
b Wc,µ −
1
2
T aij(Hi
←→
∂µHj)W
µ
a + g
iab
HφW (φa
←→
∂µHi)W
µ
b
+
1
2
giabHWWHiWa,µW
µ
b +
1
4
gabcdφ2W 2φaφbWc,µW
µ
d +
1
4
gabijH2W 2HiHjW
µ
aWb,µ
+
1
2
gabciHφW 2HiφaWb,µW
µ
c +
1
2
gabiφ2HφaφbHi +
1
2
gaijφH2φaHiHj
+
1
3!
gabcφ3 φaφbφc +
1
3!
gijkH3HiHjHk + quartic scalar interactions
(84a)
The lagrangian of the fermions is parametrized by
Lf = iψ¯i/∂ψ + ψ¯i /W a(τ
a
Lij(
1−γ5
2
) + τaRij(
1+γ5
2
)ψj
+ ψ¯iφa(g
a
φij(
1−γ5
2
) + ga†φij(
1+γ5
2
))ψj + ψ¯iHk(g
k
Hij(
1−γ5
2
) + gk†Hij(
1+γ5
2
))ψj (84b)
This can be compared with the lagrangian of a SBGT
L = −1
4
F µνa Faµν +
1
2
DµφAD
µφA − V (φ)
+ iψ¯i /Dψi + ψ¯iφA
(
XAij (
1−γ5
2
) +XAij
†
(1+γ
5
2
)
)
ψj
(85)
with
Faµν = ∂µAa,ν − ∂νAa,µ + fabcAb,νAc,ν (86)
DµφA = ∂µφA + T
a
ABWa,µφB (87)
V (φ) =
gAB2
2
φAφB +
gABC3
3!
φAφBφC +
gABCD4
4!
φAφBφCφD (88)
Dµψi = ∂µψi − iWa,µ(τaLij(1−γ
5
2
) + τaRij(
1+γ5
2
))ψj (89)
Inserting the parameterization (34) for the generators in the representation
of the scalars, we find that the definitions of T aij, t
c
ab and gHφW agree with
those in the lagrangian (84a). The 2 scalar-2 gauge boson coupling is given
by the anticommutator of representation matrices:
gABcdφ2W 2 = −{T c, T d}AB (90)
The cubic scalar gauge boson couplings originate from the contraction of the
anticommutator {T a, T b} with a vacuum expectation value φ0:
gAbcφWW = g
ABbc
φ2W 2φ0B (91)
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The triple scalar couplings can be expressed through the terms in the scalar
potential by
gABCΦ3 = −gABC3 − giABC4 vi (92)
C Form of the Goldstone boson couplings
The relations (37) follow from the condition that the gauge transformation
of the vacuum expectation value must be in the Goldstone boson direction
T abcφ0c =
(
mWa
0
)
δa,b (93)
Using (91) this implies
gAbcφWW = (mbT
c
bA +mcT
b
cA) (94)
Acting on the vacuum expectation value φ0 with a commutator of two gen-
erators in the representation of the scalars results in:
(
[Ta,Tb]
)
φ0 = f
abc
(
mWc
0
)
⇒
{
tacbmWb − tbcamWa = fabcmWc
mag
iab
HφW −mbgibaHφW = 0
(95)
Together with (94), the first relation implies the relation (37a) [22] while
the second one implies (37b) . Similarly, contracting the transformation law
of the Yukawa couplings (35c) with the vacuum expectation value φ0A and
using the condition that the fermions get their masses from the coupling to
the scalars
XAijφ0A = X
A
ij
†
φ0A = −δijmi (96)
one can derive the fermion-Goldstone boson coupling (37c).
The remaining relations on the cubic GB couplings (99c), (100a) and (100c)
are consequences of the invariance of the scalar potential
∂V (φ)
∂φA
T aABφB = 0 (97)
as can be seen by taking two derivatives with respect to φ and setting φ = φ0.
D Results from the WIs
In this appendix we collect the results of the WIs for the 3- and 4-point
functions with up to 4 contractions. In the calculations the general la-
grangian (84) has been used. No symmetry relations among the coupling
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constants have been assumed, but only results of previously evaluated WIs
have been used to simplify the calculations. The SRs obtained in this way
allow to express all coupling constants in terms of the input parameters
fabc , τaL/R ij , g
h
Hij , g
iab
HWW , T
a
ij , g
ijk
H3 , g
ijkl
H4 (98)
This is not a minimal set of input parameters since they are subject to
constraints arising from the Lie algebra, the Jacobi Identities and other sym-
metry relations. The detailed calculations of the WIs can be found in [22].
D.1 Cubic Goldstone boson couplings
The couplings of one Goldstone boson to two physical particles are deter-
mined by the WIs with one contraction.
= 0 ⇒ giabHφW = −
1
2mWa
giabHWW (99a)
= 0 ⇒ gaφij = −
i
mWa
(mfiτ
a
Lij −mfjτaRij) (99b)
= 0 ⇒ gaijφH2 =
1
mWa
T aij(m
2
i −m2j ) (99c)
= 0 ⇒ gabcφWW =
1
mWa
fabc(m2Wb −m2Wc) (99d)
(in all diagrams, the insertion of the operator (∂µW
µ−mWφ) is represented
by a double line). To obtain the relations for the couplings of 2 Goldstone
bosons to one physical particle, one has to consider the WIs (32) with two
contractions
= 0 ⇒ gabiφ2H = −
m2Hi
2mWamWb
giabHWW (100a)
= 0 ⇒ mWamWctbac =
1
2
f bac(m2Wb −m2Wa −m2Wc) (100b)
= 0 ⇒ gabcφ3 = 0 (100c)
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D.2 Gauge couplings of physical particles
The Lie algebra structure of the couplings of the physical particles, i. e. the
Higgs bosons, gauge bosons and fermions, arises from WIs for 4-point func-
tions with one contraction, together with the quartic gauge couplings and
the 2W2H coupling:
fj
Wbfi ⇒
{
[τaL, τ
b
L]ij − ifabcτ cLij = 0
[τaR, τ
b
R]ij − ifabcτ cRij = 0
(101)
Wb Hi
Hj⇒
{
[T a, T b]ij − [g
a
HWW
2mWc
,
gbHWW
2mWc
]ij = f
abcT cij
{T aik, T bkj} − { g
a
HWW
2mWc
,
gbHWW
2mWc
}ij = −gabijH2W 2
(102)
D.2.1 Yukawa couplings
The symmetry conditions of the Yukawa couplings (35c) can be obtained
from the WI for 2 fermions, one gauge boson and one Higgs boson and the
WI for two fermions and 2 contractions:
fj
Hhfi ⇒ 0 = −ig
hba
HWW
2mWa
gaφij − i(ghHijT bhk)− gkHilτ bLlj + τ bRilgkHlj (103)
fj
fi ⇒ igbφilτaLlj − iτaRilgbφlj = gcφijtacb − gkHij
gkabHWW
2mWb
(104)
D.3 Goldstone-gauge boson couplings
The components of the graded Jacobi Identity (40) are reproduced by the
the WI for the 3WH amplitude with one contraction and the 4W WI with
2 contractions:
Hi
Wb
Wc⇒
mWag
abci
HφW 2 =− gicdHWWfabd − gibdHWWfacd
− g
iad
HWW
2mWd
gdbcφWW + T
a
ijg
jbc
HWW
(105)
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Wc Wd⇒ mWamWbg
abcd
φ2W 2 −
1
2
giabHWWg
icd
HWW = mWbg
ecd
φWW t
a
be
+facef dbe(m2Wd −m2We)− f cbef dae(m2Wc −m2We)
(106)
The ia component of the Lie algebra (35b) follows from the 3WH WI with
two contractions:
⇒
− 1
2m2We
giceHWWf
bae(m2Wb −m2Wa −m2We)
+
1
2m2We
giebHWWf
cae(m2Wc −m2Wa −m2We)
−gjabHWWT cji + T bjigjacHWW = −f bcegiaeHWW
(107)
The ab component results from the the 4W WI with 3 contractions given in
the main text in (39).
D.4 Scalar potential
The components of the invariance condition (42) of the scalar potential are
obtained by the WIs with external Higgs bosons and the WI with 4 contrac-
tions:
Hi
Hk
Hj Hi Hj Hi
(108)
Since the components of (42) written in terms of the input parameters (98)
are somewhat involved and not needed in this work we refer the reader to [22]
for the explicit expressions.
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